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⎛⎜⎜⎜⎝
− ∫Γ pincn · v
− ∫Γ ∂pinc∂n q
0
⎞⎟⎟⎟⎠ 'F(
  ! 
 v ∈ [H1(Ω)]d6 q ∈ H1(ΩR)6 
 χ ∈ H−1/2(Γ0) 7 9	  
 ! B   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 
B
(
(u, p, σ), (v, q, χ)
)
:=
⎛⎜⎝ a
(
(u, p, σ), (v, q, χ)
)
b
(
(u, p, σ), (v, q, χ)
)
c
(
(u, p, σ), (v, q, χ)
)
⎞⎟⎠ ,
a
(
(u, p, σ), (v, q, χ)
)
:=
∫
Ω
{
λ∇ · u∇ · v + μ
2
d∑
i,j=1
[
∂iuj∂jvi + ∂iuj∂ivj
]− ω2u · v}
+
∫
Γ
p+ n · v ,
b
(
(u, p, σ), (v, q, χ)
)
:=
∫
ΩR
{
∇ p · ∇ q − kw2pq
}
+ fω2
∫
Γ
u− · n q −
∫
Γ0
σ q ,
c
(
(u, p, σ), (v, q, χ)
)
:=
∫
Γ0
{
VΓ0σ +
(1
2
I −KΓ0
)
p−
}
χ
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 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 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   	
  B((u, p, σ), (v, q, χ)) 
 
 'F(   
 

	 
  
e B(v, q, χ; v, q, χ) ≥ α
{
||v||2[H1(Ω)]d + ||q||2H(ΩR) + ||χ||2H−1/2(Γ0)
}
−c0
{
||v||2[H1−ε(Ω)]d + ||q||2H1−ε(ΩR) + ||χ||2H−1/2−ε(Γ0)
}
 		 (v, q, χ) ∈ [H1(Ω)]d × H1(ΩR) × H−1/2(Γ0)  ε > 0   		 
 α > 0 
 c0 =
c0(ε) ≥ 0  

 

B(v, q, χ; v, q, χ) := a
(
(v, q, χ), (v, q, χ)
)
+ b
(
(v, q, χ), (v, q, χ)
)
+ 2 c
(
(v, q, χ), (v, q, χ)
)
.
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 'F(  
	 		$  

 '( 	   	

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SΓ : H1loc(R
d \ Ω)  pinc → (u, p, σ) ∈ [H1(Ω)]d ×H1(ΩR)×H−1/2(Γ0) ,
SΓ(pinc) =
⎛⎝ SuΓ(pinc)SpΓ(pinc)
SσΓ(p
inc)
⎞⎠ =
⎛⎝ up
σ
⎞⎠ .
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  	 
 2 AσΓ : H
1
loc(R
d \ Ω) → H−1/2(Γ0) 
 ApΓ :
H1loc(R
d \ Ω) → H1/2(Γ0)   

AσΓ(p
inc) := SσΓ(p
inc), ApΓ(p
inc) := SpΓ(p
inc)
∣∣
Γ0
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p∞k = H
(
ApΓ(p
inc
k ), A
σ
Γ(p
inc
k )
)
, k = 1, . . . ,K. '*(
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 Γ = {r(xˆ)xˆ : xˆ ∈ Sd−1} $   
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4	!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
  ! 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Γ = Γr :=
{
rR(xˆ)xˆ : xˆ ∈ Sd−1
}
, rR(xˆ) :=
R
2
+
R
π
arctan
(
r(xˆ)
)
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J1(r, p1, p2, . . . , pK , σ1, σ2, . . . , σK ; γ) :=
K∑
k=1
{
‖H(pk, σk)− p∞k ‖2L2(Sd−1) + α
∥∥pk −ApΓr(pinck )∥∥2H1/2(Γ0)
+α
∥∥σk −AσΓr(pinck )∥∥2H−1/2(Γ0) + γ ‖pk‖2H1/2(Γ0)
+γ ‖σk‖2H−1/2(Γ0)
}
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γ
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J1(rγ , pγ1 , pγ2 , . . . , pγK , σγ1 , σγ2 , . . . , σγK ; γ) =
inf
r∈Hδ(Sd−1)
pk∈H1/2(Γ0),k=1, ... ,K
σk∈H−1/2(Γ0),k=1, ... ,K
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9	      ! u06 p06 
 σ0 $  2  rR &
  rR = r0  
    
 ! rd 

   2	   7  2 !  
 
  
  ! 
 !	6 $ $  ΓrR !
Γr 
 ΩrR ! Ωr  	
6  C  !	
 
 '*( 
 
 
   
 Γ0 7	 $

   2	       p˜der|Γ0 
 σ˜der 7  
 	  2   
   $  $ 	  $& 
  8-  
 Ω 
 ΩR 8
 $  Γ = Γr0    $
       	 
 !    
 9	 
 'F( $   
$  
  
7 8
      6 $   I 2 ; 
 
		 !	
 
 ψ 8
 
  	
! Ω ∪ ΩR 7  ψ    
    	 	
 Γ0 ! ΩR ) 2 6  
 xˆ := x/|x| $

ψ(x) :=
|x|3(R− |x|)
[r0(xˆ)]3
(
R− r0(xˆ)
) rd(xˆ) xˆ . '0(
$6 ! 
  h > 06 8
  	2  Φh !  	 ! Ω ∪ΩR  Φh(x) := x + hψ(x)
<! 	6  
! 	
 Γh := Φh(Γ)   
 
  
 Γrh 
 
  Γ ! h → 0
%	22 Ωh     
  ! Γh 
 ΩRh     
 
  Γh 
 Γ0  
  Bh6 ah6
bh6 
 ch  9	  
 ! ! 'F( $  Γ 2  Γh6 Ω  Ωh6 
 ΩR  ΩRh6 2 
 
   
%	22 (uh, ph, σh)    	 
 ! Γh6   !
Bh
(
(uh, ph, σh), (v, q, χ)
)
= Rh
(
pinc, (v, q, χ)
)
:=
⎛⎜⎜⎜⎝
− ∫Γh pinc n · v
− ∫Γh ∂pinc∂n q
0
⎞⎟⎟⎟⎠ '0*(
∀(v, q, χ) ∈ [H1(Ωh)]d ×H1(ΩRh)×H−1/2(Γ0).
   !	
 
 (uh, ph, σh) $ & !     '0( :$6 
  	
 Γ0 $ 
Φh(x) = x :
6  ! $ & !     p˜der   Γ0 
 ! σ˜der 
 Γ06     
	  &
!    
uder := lim
h→0
uh ◦ φh − u0 ◦ φ0
h
, pder := lim
h→0
ph ◦ φh − p0 ◦ φ0
h
, '00(
σder := lim
h→0
σh ◦ φh − σ0 ◦ φ0
h
= σ˜der . '01(
  uh ◦ φh   
 Ω 
 ph ◦ φh 
 ΩR6 $  &  2	 
  
7     -2
 
 ! ph ◦φh  
 2$ ! h6 $ 8   8
  2
 
 -2
 

!  9	  
 ! Bh((u◦φ−1h , p◦φ−1h , σh ◦φ−1h ), (v ◦φ−1h , q ◦φ−1h , χ◦φ−1h )) 
 !   

  Rh(pinc ◦ φ−1h , (v ◦ φ−1h , q ◦ φ−1h , χ ◦ φ−1h )) 7     
  	 	 
 y = Φh(x) 
 
!$ 
 !	   
 
 d = 3 $ 
Φ′h(x) =
⎛⎝ 1 + h ∂1ψ1(x) h ∂2ψ1(x) h ∂3ψ1(x)h ∂1ψ2(x) 1 + h ∂2ψ2(x) h ∂3ψ2(x)
h ∂1ψ3(x) h ∂2ψ3(x) 1 + h ∂3ψ3(x)
⎞⎠
'0>(
J(x) := det (Φ′h(x)) = 1 + hJ1(x) + h
2J2(x) +O
(
h3
)
'0(
J1(x) := ∂1ψ1(x) + ∂2ψ2(x) + ∂3ψ3(x)
J2(x) := ∂1ψ1(x)∂2ψ2(x) − ∂1ψ2(x)∂2ψ1(x) + ∂1ψ1(x)∂3ψ3(x) − ∂1ψ3(x)∂3ψ1(x)
+∂2ψ2(x)∂3ψ3(x)− ∂2ψ3(x)∂3ψ2(x)
∂
∂y1
=
1 + h[∂2ψ2(x) + ∂3ψ3(x)] + h2[∂2ψ2(x)∂3ψ3(x)− ∂2ψ3(x)∂3ψ2(x)]
J(x)
∂
∂x1
'0F(
−h ∂1ψ2(x) + h
2[∂1ψ2(x)∂3ψ3(x)− ∂3ψ2(x)∂1ψ3(x)]
J(x)
∂
∂x2
−h ∂1ψ3(x)− h
2[∂1ψ2(x)∂2ψ3(x)− ∂1ψ3(x)∂2ψ2(x)]
J(x)
∂
∂x3
∂
∂y2
= −h ∂2ψ1(x) + h
2[∂2ψ1(x)∂3ψ3(x)− ∂3ψ1(x)∂2ψ3(x)]
J(x)
∂
∂x1
1 + h[∂1ψ1(x) + ∂3ψ3(x)] + h2[∂1ψ1(x)∂3ψ3(x)− ∂1ψ3(x)∂3ψ1(x)]
J(x)
∂
∂x2
'0+(
−h ∂2ψ3(x)− h
2[∂2ψ1(x)∂1ψ3(x)− ∂2ψ3(x)∂1ψ1(x)]
J(x)
∂
∂x3
∂
∂y3
= −h ∂3ψ1(x)− h
2[∂3ψ2(x)∂2ψ1(x)− ∂3ψ1(x)∂2ψ2(x)]
J(x)
∂
∂x1
'0(
−h ∂3ψ2(x)− h
2[∂3ψ2(x)∂1ψ1(x)− ∂1ψ2(x)∂3ψ1(x)]
J(x)
∂
∂x2
1 + h[∂2ψ2(x) + ∂1ψ1(x)] + h2[∂2ψ2(x)∂1ψ1(x)− ∂2ψ1(x)∂1ψ2(x)]
J(x)
∂
∂x3
 
K 
 '0(6 $ $  '0F('0(  
  !
∂
∂yi
=
∂
∂xi
+ h
d∑
j=1
ci,j
∂
∂xj
+O (h2) , i = 1, . . . , d . '0(
%  6 !  
 
 d = 26 $ 
Φ′h(x) =
(
1 + h ∂1ψ1(x) h ∂2ψ1(x)
h ∂1ψ2(x) 1 + h ∂2ψ2(x)
)
'0(
J(x) := det (Φ′h(x)) = 1 + hJ1(x) + h
2J2(x) '0*(
J1(x) := ∂1ψ1(x) + ∂2ψ2(x)
J2(x) := ∂1ψ1(x)∂2ψ2(x)− ∂1ψ2(x)∂2ψ1(x)
∂
∂y1
=
1 + h ∂2ψ2(x)
J(x)
∂
∂x1
− h ∂1ψ2(x)
J(x)
∂
∂x2
'00(
∂
∂y2
= −h ∂2ψ1(x)
J(x)
∂
∂x1
+
1 + h ∂1ψ1(x)
J(x)
∂
∂x2
'01(
# 
6 	 
 '0*(6 $ $  '00('01(  
  ! '0(    
    
6 $ ∫
ΩRh
F (Φ−1h (y))dy =
∫
ΩR
F (x)J(x)dx ,
∫
Ωh
F (Φ−1h (y))dy =
∫
Ω
F (x)J(x)dx . '0>(
 ! d = 3 
  ! γ : D → Γ    2 ; 
 !  $ 
 
 	
 	! Γ6 
∫
Γh
∂
∂n
[F ◦ Φ−1h ](y)G(Φ−1h (y))dΓhy
=
∫
D
∂t1Φh(γ(t))× ∂t2Φh(γ(t))∣∣∣∂t1Φh(γ(t))× ∂t2Φh(γ(t))∣∣∣ ·
[
[Φ−1h ]
′(Φh(γ(t)))∇F (γ(t))
]
G(γ(t))
∣∣∣∂t1Φh(γ(t))× ∂t2Φh(γ(t))∣∣∣dt
=
∫
D
[Φ′h(γ(t))∂t1γ(t)× Φ′h(γ(t))∂t2γ(t)] ·
[
[Φ′h(γ(t))
]−1∇F (γ(t))] G(γ(t))dt
=
∫
D
[∂t1γ(t)× ∂t2γ(t)] · [∇F (γ(t))] G(γ(t))dt
+ h
∫
D
[ψ′(γ(t))∂t1γ(t)× ∂t2γ(t)] · ∇F (γ(t)) G(γ(t))dt
+ h
∫
D
[∂t1γ(t)× ψ′(γ(t))∂t2γ(t)] · ∇F (γ(t)) G(γ(t))dt
− h
∫
D
[∂t1γ(t)× ∂t2γ(t)] ·
[
ψ′(γ(t))∇F (γ(t))] G(γ(t))dt + O(h2)
=
∫
Γ
∂F (x)
∂n
G(x)dΓx + h
∫
Γ
ψ′(γ(t))∂t1γ(t)× ∂t2γ(t) + ∂t1γ(t)× ψ′(γ(t))∂t2γ(t)
|∂t1γ(t)× ∂t2γ(t)|
· ∇F (x) G(x)dΓx
− h
∫
Γ
n · [ψ′(x)∇F (x)] G(x)dΓx + O(h2) .
:   - ψ′(x)    L 
  - (∂ψm(x)/∂xn)dm,n=1 < 	6  	 !  
	
ψ′(γ(t))∂t1γ(t)×∂t2γ(t)+∂t1γ(t)×ψ′(γ(t))∂t2γ(t)  
 	

  ! ∂t2γ(t)   2   
 
  
∂t2γ(t)+λ∂t1γ(t) :
6 $ 	  ! 
  $  	  ∂t2γ(t) 
 ∂t1γ(t)  

 
  
  
 !    
   %  6   
 ! ∂t1γ(t) 
 ∂t2γ(t)  
 

 	 ! ψ′(γ(t))∂t1γ(t)× ∂t2γ(t)+ ∂t1γ(t)×ψ′(γ(t))∂t2γ(t)     |∂t1γ(t)× ∂t2γ(t)| % $ 
	22  ∂t1γ(t)    

   τ ! 	
  
 
 ∂t2γ(t) = n× τ $   
 
n    ψ′(γ(t))∂t1γ(t)× ∂t2γ(t) + ∂t1γ(t)×ψ′(γ(t))∂t2γ(t)     |∂t1γ(t)× ∂t2γ(t)|   9	
 ψ′(γ(t))τ × [n× τ ] + τ × ψ′(γ(t))[n× τ ]6 $    9	
ψ′(γ(t))τ × [n× τ ] + τ × ψ′(γ(t))[n× τ ] =
{
τ · ψ′(γ(t))τ τ + n · ψ′(γ(t))τ n
}
× [n× τ ] + τ ×{
[n× τ ] · ψ′(γ(t))[n× τ ] [n× τ ] + n · ψ′(γ(t))[n× τ ] n
}
=
{
τ · ψ′(γ(t))τ + [n× τ ] · ψ′(γ(t))[n× τ ]
}
n
−τ · ψ′(γ(t))n τ − [n× τ ] · ψ′(γ(t))n [n× τ ]
=
{
trace(ψ′(γ(t))) − n · ψ′(γ(t))n
}
n
−
{
ψ′(γ(t))n− n · ψ′(γ(t))n n
}
= trace(ψ′(γ(t)))n− ·ψ′(γ(t))n .
 
  $6∫
Γh
∂
∂n
[F ◦ Φ−1h ](y)G(Φ−1h (y))dΓhy =
∫
Γ
∂F (x)
∂n
G(x)dΓx + h
∫
Γ
trace(ψ′(x))
∂F (x)
∂n
G(x)dΓx
− h
∫
Γ
n · {[ψ′(x) + ψ′(x)]∇F (x)} G(x)dΓx + O(h2).
%  6 $  
∫
Γh
n · w ◦ Φ−1h (y)dΓhy =
∫
Γ
n · w(x)dΓx + h
∫
Γ
[
trace(ψ′(x))n− ψ′(x)n] · w(x)dΓx .
 ! d = 2 
  ! γ : D → Γ    2 ; 
 !  
 
 
 	
 	 Γ6 
 $
 
	   
  -
R :=
(
0 1
−1 0
)

 
	∫
Γh
∂
∂n
[F ◦ Φ−1h ](y)G(Φ−1h (y))dΓhy
=
∫
D
RΦ′h(γ(t))∂tγ(t)∣∣∣Φ′h(γ(t))∂tγ(t)∣∣∣ ·
[[
Φ−1h
]′(Φh(γ(t)))∇F (γ(t))] G(γ(t))∣∣∣Φ′h(γ(t))∂tγ(t)∣∣∣dt
=
∫
D
[RΦ′h(γ(t))∂tγ(t)] ·
[[
Φ′h(γ(t))
]−1∇F (γ(t))] G(γ(t))dt
=
∫
D
[R∂tγ(t)] · [∇F (γ(t))] G(γ(t))dt
− h
∫
D
[R∂tγ(t)] ·
[
ψ′(γ(t))∇F (γ(t))] G(γ(t))dt
+ h
∫
D
[Rψ′(γ(t))∂tγ(t)] · [∇F (γ(t))] G(γ(t))dt +O(h2)
 
=
∫
Γ
∂F (x)
∂n
G(x)dΓx − h
∫
Γ
n · [ψ′(x)∇F (x)] G(x)dΓx
+ h
∫
Γ
[
Rψ′(x)Rn
] · ∇F (x) G(x)dΓx +O(h2) .
=
∫
Γ
∂F (x)
∂n
G(x)dΓx + h
∫
Γ
trace(ψ′(x))
∂F (x)
∂n
G(x)dΓx
− h
∫
Γ
n · {[ψ′(x) + ψ′(x)]∇F (x)} G(x)dΓx + O(h2).
%  6 $  

∫
Γh
n · w ◦ Φ−1h (y)dΓhy =
∫
Γ
n · w(x)dΓx + h
∫
Γ
[
trace(ψ′(x))n − ψ′(x)n] · w(x)dΓx .
7     -2
 
 ! Bh((u ◦φ−1h , p ◦φ−1h , σ ◦φ−1h ), (v ◦φ−1h , q ◦φ−1h , χ ◦φ−1h ))  
 2$
! h6 $ 	 	    !  
 
 y = Φh(x) 
 22  2 	 !	
ah
⎛⎝⎛⎝ u ◦ φ−1hp ◦ φ−1h
σ ◦ φ−1h
⎞⎠ ,
⎛⎝ v ◦ φ−1hq ◦ φ−1h
χ ◦ φ−1h
⎞⎠⎞⎠ = ∫
Ωh
{
λ∇y · [u ◦ φ−1h ]∇y · [v ◦ φ−1h ]
+
μ
2
d∑
i,j=1
[
∂yi [uj ◦ φ−1h ]∂yj [vi ◦ φ−1h ] + ∂yi [uj ◦ φ−1h ]∂yi [vj ◦ φ−1h ]
]
−ω2[u ◦ φ−1h ] · [v ◦ φ−1h ]
}
+
∫
Γh
[p ◦ φ−1h ]n · [v ◦ φ−1h ]
=
∫
Ω
{
λ∇x · u∇x · v + λhJ1∇x · u∇x · v + hλ
{[ d∑
i,j=1
ci,j∂xjui
]
∇x · v +∇x · u
[ d∑
i,j=1
ci,j∂xjvi
]}
+
μ
2
d∑
i,j=1
[
∂xiuj∂xjvi + ∂xiuj∂xivj
]
+
μhJ1
2
d∑
i,j=1
[
∂xiuj∂xjvi + ∂xiuj∂xivj
]
+
μh
2
d∑
i,j,k=1
[
cik∂xkuj∂xjvi + ∂xiujcjk∂xkvi + cik∂xkuj∂xivj + ∂xiujci,k∂xkvj
]
−ω2u · v − hJ1ω2u · v +O
(
h2
)}
+
∫
Γ
{
p n · v + h p [trace(ψ′)n− [ψ′]n] · v + o(h)},
 
  
bh
⎛⎝⎛⎝ u ◦ φ−1hp ◦ φ−1h
σ ◦ φ−1h
⎞⎠ ,
⎛⎝ v ◦ φ−1hq ◦ φ−1h
χ ◦ φ−1h
⎞⎠⎞⎠ = ∫
ΩRh
{
∇y [p ◦ φ−1h ] · ∇y [q ◦ φ−1h ]− kw2[p ◦ φ−1h ][q ◦ φ−1h ]
}
+fω2
∫
Γh
[u ◦ φ−1h ] · n [q ◦ φ−1h ]−
∫
Γ0
σ q
=
∫
ΩR
{
∇x p · ∇x q + hJ1∇x p · ∇x q +
h
∑
i,j
[
∂xip ci,j∂xjq + ci,j∂xjp ∂xiq
]− kw2pq − hJ1kw2pq +O (h2)
}
+fω2
∫
Γ
{
u · n q + h [trace(ψ′)n− [ψ′]n] · u q + o(h)}− ∫
Γ0
σ q.
 
  $6 $ 
	
Bh
⎛⎝⎛⎝ u ◦ φ−1hp ◦ φ−1h
σ ◦ φ−1h
⎞⎠ ,
⎛⎝ v ◦ φ−1hq ◦ φ−1h
χ ◦ φ−1h
⎞⎠⎞⎠ = B
⎛⎝⎛⎝ up
σ
⎞⎠ ,
⎛⎝ vq
χ
⎞⎠⎞⎠ + hB1
⎛⎝⎛⎝ up
σ
⎞⎠ ,
⎛⎝ vq
χ
⎞⎠⎞⎠
+ Bh2
⎛⎝⎛⎝ up
σ
⎞⎠ ,
⎛⎝ vq
χ
⎞⎠⎞⎠ , '0(
$ $  
B1
⎛⎝⎛⎝ up
σ
⎞⎠ ,
⎛⎝ vq
χ
⎞⎠⎞⎠ :=
⎛⎜⎝ a1
(
(u, p), (v, q)
)
b1
(
(u, p), (v, q)
)
0
⎞⎟⎠ , '0F(
a1
(
(u, p), (v, q)
)
:=
∫
Ω
{
J1λ∇x · u∇x · v + λ
{[ d∑
i,j=1
ci,j∂xjui
]
∇x · v +∇x · u
[ d∑
i,j=1
ci,j∂xjvi
]}
+
μJ1
2
d∑
i,j=1
[
∂xiuj∂xjvi + ∂xiuj∂xivj
]
+
μ
2
d∑
i,j,k=1
[
cik∂xkuj∂xjvi + ∂xiujci,k∂xkvj + cik∂xkuj∂xivj '0+(
+∂xiujcj,k∂xkvi
]
− J1ω2u · v
}
+
∫
Γ
{
p
[
trace(ψ′)n− [ψ′]n] · v} ,
b1
(
(u, p), (v, q)
)
:=
∫
ΩR
{
J1∇x p · ∇x q +
∑
i,j
[
∂xip ci,j∂xjq + ci,j∂xjp ∂xiq
]− J1 kw2pq
}
+fω2
∫
Γ
{[
trace(ψ′)n− [ψ′]n] · u q} ,
 
$    
 9	  
 ! B1 
 Bh2 	    ∣∣Bh2 ((u, p, σ), (v, q, χ))∣∣ ≤ o(h)√‖u‖2[H1(Ω)]d + ‖p‖2H1(ΩR)√‖v‖2[H1(Ω)]d + ‖q‖2H1(ΩR), '0(∣∣B1 ((u, p, σ), (v, q, χ))∣∣ ≤ c√‖u‖2[H1(Ω)]d + ‖p‖2H1(ΩR)√‖v‖2[H1(Ω)]d + ‖q‖2H1(ΩR) '0(
 !  2   

 c  
2

 ! h 
 ! 
 u, v ∈ [H1(Ω)]d 
 p, q ∈ H1(ΩR)
7     -2
 
 !Rh(pinc◦φ−1h , (v◦φ−1h , q◦φ−1h , χ◦φ−1h ))  
 2$ ! h6 $ 	 	
   !  
 
 y = Φh(x) 
  

−
∫
Γh
[
pinc ◦ φ−1h
]
n · v ◦ φ−1h = −
∫
Γ
{
pinc n · v + h pinc[trace(ψ′)n− [ψ′]n] · v + o(h)} ,
−
∫
Γh
∂
[
pinc ◦ φ−1h
]
∂n
q ◦ φ−1h = −
∫
Γ
{
∂pinc
∂n
q + h
[
trace(ψ′)n− ψ′n− [ψ′]n] · ∇pinc q + o(h)} .
 
  $6 $ 
	
Rh
(
pinc ◦ φ−1h , (v ◦ φ−1h , q ◦ φ−1h , χ ◦ φ−1h )
)
= R (pinc, (v, q, χ))+ hR1 (pinc, (v, q, χ))
+Rh2
(
pinc, (v, q, χ)
)
,
R1
(
pinc, (v, q, χ)
)
:=
⎛⎜⎜⎝
− ∫
Γ
pinc[trace(ψ′)n− [ψ′]n] · v
− ∫Γ [trace(ψ′)n− ψ′n− [ψ′]n] · ∇pinc q
0
⎞⎟⎟⎠, '0(
$   
 ! Rh2  8   ∣∣Rh2 (pinc, (v, q, χ))∣∣ ≤ o(h) ‖pinc‖H1(ΩR)√‖v‖2[H1(Ω)]d + ‖q‖2H1(ΩR). '0*(
$ $       !	 !     7  2 !  
 
6 $ $ 
w0 := (u0, p0, σ0) !  	 
 ! 'F(6 wh := (uh, ph, σh) !  	 
 ! '0*(6 t := (v, q, χ) ! 
 !  !	
 
6 
 wder := (uder, pder, σder) !     ! '00( 
 '01(  '0*(6
 6 !
Bh
(
[wh ◦ Φh] ◦ Φ−1h , [t ◦ Φh] ◦ Φ−1h
)
= Rh
(
[pinc ◦ Φh] ◦ Φ−1h , [t ◦ Φh] ◦ Φ−1h
)

 ! '0(6 
 '0(6 $ 
	 6 ! 
 t6
B([wh ◦ Φh], [t ◦ Φh])+ hB1([wh ◦ Φh], [t ◦ Φh])+ Bh2 ([wh ◦ Φh], [t ◦ Φh])
= R([pinc ◦ Φh], [t ◦ Φh])+ hR1([pinc ◦ Φh], [t ◦ Φh])+Rh2([pinc ◦ Φh], [t ◦ Φh]).
<
   
6  ! pinc      !	
 
6 
 Φh(x) = x + hψ(x)  2   2 
-2
 
 [pinc ◦Φh] = pinc + hψ · ∇pinc +O(h2) %	 	 
   
 	 
 'F( $  u = u06 p = p06

 χ = χ06 $ 
 
	
B([wh ◦ Φh], [t ◦ Φh])+ hB1([wh ◦ Φh], [t ◦ Φh])+ o(h)
= R(pinc, [t ◦ Φh])+ hR(ψ · ∇pinc, [t ◦ Φh])+ hR1([pinc ◦Φh], [t ◦ Φh])+ o(h)
= B(w0, [t ◦ Φh])+ hR(ψ · ∇pinc, [t ◦ Φh])+ hR1([pinc ◦ Φh], [t ◦ Φh])+ o(h).
  2! ! I *6 $ &
$  wh   
 
		 
 	
 $  2  h D2 

 !
 
   
    
    
 ! 9	  6 $  
 [wh ◦Φh] → w0 ! h→ 0
%	 	 
   !	
 
 t ◦ Φh  t6   9	 
  
B
( [wh ◦ Φh]− w0
h
, t
)
= R(ψ · ∇pinc, t)+R1([pinc ◦ Φh], t)− B1([wh ◦ Φh], t)+ o(1).
 
	 
  
O 
      ! h→ 06 $ 
B(wder , t) = R(ψ · ∇pinc, t)+R1(pinc, t)− B1(w0, t) '00(
! 
  !	
 
  t = (v, q, χ)  
  $6     wder := (uder, pder, σder)  
	 
 !	
 
 !   $    9	  
 ! B   
    2 	 $  
 B
  
   8
  '0F( 
 '0(
 
	 
    
  
	  2	 
6   
8
   
 
 2 Hδ(Sd−1) 	  2   8
   

 
 	2  	  
  !  
  2 2  
    !	
 

ϕn, n = 1, . . . , N 2

 
   	2  ! d = 26 
 N 	  
  
	 

ϕn
(
ei2πt
)
:=
{
(1 + k2)−δ/2 cos
(
2πkt
)
 ! k =
∣∣n− N+12 ∣∣ 
 n = 1, . . . , N+12 ,
(1 + k2)−δ/2 sin
(
2πkt
)
 ! k = n− N+12 
 n = 1 + N+12 , . . . , N.
 ! d = 36 
 N 	  !  ! N = J(J+2)+1  
 n $  (j−1)(j+1)+1 < n ≤ j(j+2)+16
$  m = n− j(j + 1)− 1 
 
ϕn (cosϕ sin θ, sinϕ sin θ, cos θ) := (1 + |j|2)−δ/2
√
2j + 1
4π
(j − |m|)!
(j + |m|)! P
|m|
j (cos θ)
{
sin
(
mϕ
)
 ! m > 0
cos
(|m|ϕ) ,
P
|m|
j (t) := (1− t2)|m|/2
d|m|Pj(t)
dt|m|
, Pj(cos θ) := sinj(θ).
  
	  8
   s = (sn)Nn=1 ! 	
&
$
 E 
 
 2
  	
&
$
 !	
 

r    
  
 

r = r(s) :=
N∑
n=1
snϕn. '1(
7 	 
 rγ ! '*F(   	  
  ! '1( 
  2  ; 
 '*F( 	   2 !
8
 
 sγ ∈ RN 	  '! '*((
J (r(sγ); γ) = inf
s∈RN
J (r(s); γ). '1(
7     !  	 ; 
 2 γ     E	 2 #
 	  
 

!   !  2
     2  :$6  
   &  I	 
	  22  '!  =1?( <
   
6  ! 
  !   
       
6 

 2  -2 !    
  
6 
  2
 
 ! 8 2
 
   	
$    	 2	 
   8
 
  !    2 K 
  6
 	 ; 
 2 
  8  	
   
	 
 !  2  -2
:	  6   	 ; 
 2 	      !   ! 
 ! γ   8-6 
 '1(    8
   
 
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
 
 2  ; 
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 !   B
 
C  !	
 
 
 $ 	 
 
 )  &  
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  
   '! 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
  2 :$6  !	
 
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 
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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 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6   
  2  ; 
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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	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6     !   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 2	     
   
 !
   
 	 P !  B
  
   	 
     
   	  
   
2  ; 
     2      !  	
 
7    -2
   
   
   
  6 $ 
  22  ,	
$
    I
)9	  $ 	  
  '!  =F?(  
6  
9	 ! !  C  !	
 
 	  22  
 !  ,	$
  )
2 6  ! $  
	   Gmeas := (p∞1 , p∞2 , . . . , p∞K , 0) 
  2 22 

G : RN −→ [L2(Sd−1)]K ×Hδ(Sd−1), G(s) :=
⎛⎜⎜⎜⎜⎝
H(ApΓr(s)(pinc1 ), AσΓr(s)(pinc1 ))
H(ApΓr(s)(pinc2 ), AσΓr(s)(pinc2 ))
. . .
H(ApΓr(s)(pincK ), AσΓr(s)(pincK ))√
γr(s)
⎞⎟⎟⎟⎟⎠ ,

  !	
 
 J (r(s), γ)   9	  ‖G(s)− Gmeas‖2∗ $
‖(p∞1 , p∞2 , . . . , p∞K , r)‖∗ :=
√√√√ K∑
k=1
‖p∞k ‖2L2(Sd−1) + ‖r‖2Hδ(Sd−1) .
7 2  ; 
  
  '1( 	
  
  
  2 9	 
 G(s) = Gmeas 7 ,	
$
   
  $  
  
    s06 
6 !  sj 6  
-   sj+1    


G(sj+1) = G(sj + [sj+1 − sj ]) ∼ G(sj) +∇G(sj)[sj+1 − sj ] = Gmeas,
∇G(sj)[sj+1 − sj ] = Gmeas − G(sj),
sj+1 = sj +
[∇G(sj)∗∇G(sj)]−1∇G(sj)∗[Gmeas − G(sj)].
P	 2& 
 '! =F?(6    
 9	   ! G(s) = Gmeas   	 
  

    
  !   
  	 ‖G(s) − Gmeas‖   
   K
!	
6 	 
 	 ; 
 
   ; 
6 G(s) = Gmeas   
 	 

 
6 $ 2
  !	 !  L 
 ∇G(s) $    
 !  ,	$
 
 !   
  2  ; 
 	 
  
∇G(s) = (∂snG(s))Nn=1,
∂snG(s) =
⎛⎜⎜⎜⎜⎝
H(∂sn [ApΓr(s)(pinc1 )], ∂sn [AσΓr(s)(pinc1 )])
H(∂sn [ApΓr(s)(pinc2 )], ∂sn [AσΓr(s)(pinc2 )])
. . .
H(∂sn [ApΓr(s)(pincK )], ∂sn [AσΓr(s)(pincK )])√
γϕn(s)
⎞⎟⎟⎟⎟⎠ .
7    ∂sn [A
p
Γr(s)(p
inc
k )] 
 ∂sn [A
σ
Γr(s)(p
inc
k )]  
 
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 
     pder|Γ 

σder '! '0(6 '00(6 
 '01(( $  r0 = r(s) 
 rd = ϕn 7    
  2	 !
   
 9	 
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
 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 ! B  
 'F(6 $ 
B(v, q, χ; v, q, χ) = a
(
(v, q, χ), (v, q, χ)
)
+ b
(
(v, q, χ), (v, q, χ)
)
+ 2 c
(
(v, q, χ), (v, q, χ)
)
= IΩ + IIΩR + IIIΓ0 + RΓ + RΓ0 ,
        
$
IΩ =
∫
Ω
{
λ|∇ · v|2 + μ
2
d∑
i,j=1
[
|∂ivj |2 + ∂ivj∂jvi
]
− ρω2|v|2
}
dx,
IIΩR =
∫
ΩR
{
|∇q|2 − kw2|q|2
}
dx,
IIIΓ0 = 2
∫
Γ0
(VΓ0χ)χ¯ds,
RΓ =
∫
Γ
{
q+n · v− + ρfω2(v− · n)q+
}
ds,
RΓ0 =
∫
Γ0
(
q−χ¯− χq−
)
ds− 2
∫
Γ0
KΓ0q
− χ¯ds.
 	 
 Q
A  
9	  '!  =0?(6 $  

e IΩ ≥ αΩ||v||2[H1(Ω)]d − cΩ||v||2[H0(Ω)]2 .
%  6 $ 
e IIΩR ≥ αΩR ||q||2H1(ΩR) − cΩR ||q||2H0(ΩR).
#   $&
$
6   2 	
  
 2 VΓ0   
 
		 ! H
−1/2(Γ0)  

H1/2(Γ0) '!  =*?(6 
 VΓ0   'H−1/2(Γ0), H1/2(Γ0)( 6  6
e 〈VΓ0χ, χ〉Γ0 ≥ αΓ0 ||χ||2H−1/2(Γ0) − cΓ0 ||χ||2H−1(Γ0).
7 	 	
  
 2 KΓ0   
 
		 ! H
1/2(Γ0)  
 H3/2(Γ0)6 
 

  2 
 H1/2(Γ0) 7   2  
|〈KΓ0q−, χ〉Γ0 | ≤ ||KΓ0q−||H3/2−ε1 (Γ0)||χ||H−3/2+ε1 (Γ0)
! q ∈ H1(ΩR) 
 χ ∈ H−1/2(Γ0) 
 ! 0 < ε1 < 1 D
9	
6∣∣∣∣∣
∫
Γ0
KΓ0q
− χ¯ds
∣∣∣∣∣ ≤ αΓ0 ||q||H1/2−ε1 (Γ0)||χ||H−1/2−(1−ε1)(Γ0)
≤ cΓ0
2
{
||q||2H1−ε(ΩR) + ||χ||2H−1/2−ε(Γ0)
}
$  ε = min{ε1, 1− ε1}. 7	6
e RΓ0 ≥ −cΓ0
{
||q||2H1−ε(ΩR) + ||χ||2H−1/2−ε(Γ0)
}
,
 
  8   
 RΓ0   2 ;
 
   

6 
 
 $  RΓ 8
  2  ) 2 6 $  6 !
1/2− ε > 06∣∣∣∣∣
∫
Γ
q+n · v−ds
∣∣∣∣∣ = |〈q, n · v¯〉Γ| ≤ ||q||H0(Γ)||v||[H0(Γ)]d ≤ cΓ||q||H1/2−ε(Γ)||u||2[H1/2−ε(Γ)]d
≤ cΓ||q||2H1−ε(ΩR) + ||u||2[H1−ε(Γ)]d .
D 
           7  2  2! ! 7 

 &  !   6 $  
	   -   2 9	  
 !
C(·, ·) 	 
e
{
B(v, q, χ; v, q, χ) +C(v, q, χ)
}
≥ α
{
||v||2[H1(Ω)]d + ||q||2H1(ΩR) + ||χ||2H−1/2(Γ0)
}
!  (v, q, χ) ∈ [H1(Ω)]d ×H1(ΩR)×H−1/2(Γ0)
    	

 
I (u0, p0, σ0) ∈ [H1(Ω)]d × H1(ΩR) × H−1/2(Γ0)   	 
 !  2
 
 
	
9	 
 ! 'F(6  6
B
(
(u0, p0, σ0), (v, q, χ)
)
= (0, 0, 0)
 ! 
 (v, q, χ) ∈ [H1(Ω)]d × H1(ΩR) × H−1/2(Γ0)  -
  	 
 p0   - 
 
 Ωe 
 
   -  H   2 8
 
Δp1(x) + kw2p1(x) = 0, x ∈ Ωe p1|Γ0 = p−0 ∈ H1/2(Γ0)
 $     
 
  
 ! p1   
8
  7  -  H   2   	
 9	
	 
6 $     2
 

p1(x) =
∫
Γ0
{ ∂
∂ny
Ekw (x, y)p
+
1 (y)− Ekw (x, y)
∂
∂ny
p+1 (y)
}
dsy.
: p+1 

∂
∂np
+
1   D	  ! p1 
 Γ0  ! 
  	
  
 9	 

VΓ0
( ∂
∂n
p+1
)
+
(1
2
I −KΓ0
)
p−0 = 0

 Γ06 $ $  	 	 p+1  p
−
0 
 Γ0 $6  $& !	 
 !  	
  

9	 
  〈
VΓ0
∂
∂n
p+1 , χ
〉
Γ0
+
〈(1
2
I −KΓ0
)
p−0 , χ
〉
Γ0
= 0
!  χ ∈ H−1/2(Γ0) # 2 
 $   9	 
 c((u0, p0, σ0), (v, q, χ)) = 0  〈
VΓ0
( ∂
∂n
p+1 − σ0
)
, χ
〉
Γ0
= 0
!  χ ∈ H−1/2(Γ0) :
  ! VΓ0    
 6    2   ∂∂np+1 ≡ σ0  
 H−1/2(Γ0) 7	6
(u0, p) ∈ [H1(Ω)]d ×H1loc(Rd \ cl (Ω)) $ 
p(x) :=
{
p0(x)  ! x ∈ ΩR ∪ Γ0
p1(x)  ! x ∈ Ωe
$    	 
 !  
	 
  
 2 !  IJ 9	 
  
 Ω6  :;
9	 
  
 Rd \ Ω6 
  
  
 
  
 t−(u0) = −n∂np 
 n · u0 = p/(fω2) 
 Γ 7
  
     	 
 (0, 0)6 2  ω   
  L
 !9	
 '! =16 6 06 >?(
 ! ω    L
 !9	
6 
  	 
   C	 p ≡ 0 
 u   9	   L
 6  6 u0   
	 
 !  IJ 9	 
 
 Ω $  6   
 t−(u0) 
  
 2

 n · u0 !
  2
6 
  
 
 Γ D
9	
6  	 
 2

 p0   ;6 
  	 
 !
 9	  
  'F(   	
 9	  !   -  %    
  2   	 
 -  :$6
	  7 6   
   ! 'F(6 
  - 
 !  	 
 !$6  !
$ 
 2    
   ! 'F( 
  !  	 
 (v, q, χ) = (v0, q0, χ0) ! 

	 C 
 9	 

      
%	22 (v0, q0, χ0) ∈ [H1(Ω)]d × H1(ΩR) × H−1/2(Γ0)   
	 C 
 9	 
6
 6
B(u, p, σ; v0, q0, χ0) = 0. '>(
 ! 
 (u, p, σ) ∈ [H1(Ω)]d ×H1(ΩR)×H−1/2(Γ0) 7
 '>( !  (u, p, σ) = (u, 0, 0) $ 
u 
  
  
  
 	 ! Γ6  
Δ∗v0(x) + ω2v0(x) = 0, x ∈ Ω. '>(
%  6 '>( !  (u, p, σ) = (0, p, 0) $  p 
  
  
  
 	 ! Γ 
 Γ0  2 
Δq0(x) + kw2q0(x) = 0, x ∈ ΩR. '>*(
7 !	 V ∗Γ0 = V−kw ,Γ0 6  
	 
 V−kw,Γ0   
  2 VΓ0 $  kw 2  −kw6

  
 (u, p, σ) = (0, 0, σ)  
 '>( 2  	 $ 
q0|Γ0 = 2V−kw,Γ0χ0. '>0(
D 
 (u, p, σ) = (0, p, 0)  
 '>( $  p 
  
   Γ 
 22 
 ,
A !	 ! 
 
  ΩR6 $   
∂nq0|Γ0 =
(−I + 2K∗Γ0)χ0 = (−I + 2K ′−kw,Γ0)χ0, '>1(
$ K ′−kw,Γ0    
2 	  2 
 Γ0 2
 
   $ 
	 −kw
D 
 (u, p, σ) = (0, p, 0)  
 '>( $  p 
  
   Γ0 
 	 
 ,
A !	6 $  

n · v0|Γ = ∂nq0|Γ. '>>(
 
6  
 (u, p, σ) = (0, p, 0)  
 '>( $  p 
  
   Γ0 
 	 
 ,
A !	
!   
  Ω6 $  

t(v0)|Γ = −fω2q0 n|Γ. '>(
$ $ 8
 u˜ := v0 
 
p˜(x) := fω2 ·
{
q0(x)  ! x ∈ ΩR ∪ Γ0∫
Γ0
E−kw (x, y)χ0(y)dy  ! x ∈ Ω.
'>F(
  p˜    
 
		 -
 
 ! q0   	 
 !  -  :; 9	 
 $    


  
  
  	
  ! q0 

∫
Γ0
E−kw (x, y)χ0(y)dy  
  
 Γ0  '>0( 
 '>1(
 '>(6 '>*(6 '>>(6 
 '>(6 $    !	
 
 2  (u˜, p˜)    	 
 !  
	

  
 2
Δ∗u˜(x) + ω2u˜(x) = 0, x ∈ Ω,
Δp˜(x) + (−kw)2p˜(x) = 0, x ∈ Rd \ Ω,
t−(u˜(x)) = −np˜(x), x ∈ Γ,
n · u˜(x) = 1
fω2
∂np˜(x), x ∈ Γ,

  2
 
 %!   
 
  
 # 
 
 6   2   


   	 
 
  ! ω    L
 !9	
  
   6  	 
  8 p˜ ≡ 06 
 u˜   9	 
 	 
 !  IJ 9	 
 
 Ω $  6   
 t−(u˜) 
  
 2

 n · u˜ !
  2
6 
  
 
 Γ  
  $6 $ 
	 n · v0|Γ ≡ 06 q0 ≡ 0 
 VΓ0χ0 ≡ 06  6
χ0 ≡ 0 < 	6   
   ! 'F( 
  ! (v, q, χ) = (v0, q0, χ0) 7  2 
2!

    	

 
%	22 M ⊆ R    2
  !  !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  ω 	  
  
 '( ! 7     8
7
  	 
 ! 'F( 2
 
 
  !9	
 2 ω ∈ M    	 
 ! 
 9	 

$  
 2 !	
 
 2
 
 
 ω #  2   $   
- ; 	 
7  7  ! 2 ω 	   2   
  
        ' 6
	
 $  
 8
  		 
 2 
(   $  M H	   2! ! 7 6 


   	 
 !  
	 9	 
 2
   

   	 
 ! '+( # 

 =0?6  -  
     ! !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  $  

    
 ! 	 
 !  IJ
9	 
  
  $6   ! 2 ω 	   2   
  
     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6 ! 
 ω06 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  
 	 Nε := {ω : |ω− ω0| < ε} ⊆M 	   2  
 
  ! ω ∈ Nε \ {ω0}  
 2 	6  	 
   	
 9	 ! ω ∈ Nε \ {ω0}
 
 
	  2! $  
  
 
  
 !  IJ:; 2 7 	 
 $ 
 !	
  
    
 
 	2 ) 2 6  Cω 
 C
∗
ω $ 
  2 2
 

  9	  
 ! B6  
Cω, C
∗
ω : [H
1(Ω)]d ×H1(ΩR)×H−1/2(Γ0) −→ [H−1(Ω)]d ×H−1(ΩR)×H1/2(Γ0),
B
(
(u, p, σ), (v, q, χ)
)
=
〈
Cω(u, p, σ), (v, q, χ)
〉
=
〈
(u, p, σ), C∗ω(v, q, χ)
〉
.
K 
  

 
 $
  B
  2 
 9	  
 !6 $ 
Cω(u, p, σ) =
⎛⎜⎝ Δ
∗u + t(u) δΓ + ω2 u + p nδΓ
Δp− ∂np δΓ + ∂np δΓ0 + ω
2
c2 p + fω
2u · n δΓ − σδΓ0
VΓ0σ +
(
1
2I −KΓ0
)
p
⎞⎟⎠
= Cω0(u, p, σ)
 + Eω0,ω(u, p, σ)
 + [ω2 − ω20 ] D (u, p, σ), '>+(
D (u, p, σ) :=
⎛⎝  u1
c2 p + fu · n δΓ
0
⎞⎠ , '>(
Eω0,ω(u, p, σ)
 :=
⎛⎜⎝ 00
V ωΓ0σ +
(
1
2I −KωΓ0
)
p− V ω0Γ0 σ −
(
1
2I −Kω0Γ0
)
p
⎞⎟⎠ . '>(
:  
 ; !	
 
 Δ∗u + t(u)δΓ ∈ [H−1(Ω)]d 
 Δp − ∂np δΓ + ∂np δΓ0 ∈ H−1(ΩR) 
8
   2
 
   
 !6     !	
〈
Δ∗u + t(u)δΓ, v
〉
:=
∫
Ω
{
λ∇ · u∇ · v + μ
2
d∑
i,j=1
[∂iuj ∂jvi + ∂iuj ∂ivj ]
}
, ∀v ∈ [H1(Ω)]d,
〈
Δp− ∂np δΓ + ∂np δΓ0 , q
〉
:=
∫
ΩR
∇ p∇ q, ∀q ∈ H1(ΩR).
 
   	2 [H˜1(Ω)]d×H1(ΩR)×H−1/2(Γ0) 
 [H˜−1(Ω)]d ×H−1(ΩR)×H1/2(Γ0) $ 
[H˜±1(Ω)]d 8
    !  u ∈ [H±1(Ω)]d $   L2 
   	 
 uJ ! '+( !
ω = ω0 )6 $  
	  	
 L2 2C 
 P± ! [H±1(Ω)]d ×H±1(ΩR)×H∓1/2(Γ0)

 [H˜±1(Ω)]d ×H±1(ΩR)×H∓1/2(Γ0) 
P±(u, p, σ) :=
⎛⎝u− j∗∑
j=1
〈
u, uJj
〉
L2(Ω)
uJj , p , σ
⎞⎠ , '>(
$ uJj ∈ [H1(Ω)]d, j = 1, 2, . . . , j∗   
 L2 
    
  2 ! 
	 	 

! '+(   2! ! 7  $ &
$   &
 !	
 
 ! Cω0 
 C
∗
ω0  ! 
       
! (uJ , 0, 0) $  uJ  	 
 ! '+( D
9	
6 Cω0 2 [H˜1(Ω)]d × H1(ΩR) × H−1/2(Γ0)

 [H˜−1(Ω)]d ×H−1(ΩR)×H1/2(Γ0) 
    
   
  $ P−Cω0 |imP+    
  H	
 '>+(6 
 Cω 2 [H˜1(Ω)]d ×H1(ΩR)×H−1/2(Γ0)  
 [H˜−1(Ω)]d ×H−1(ΩR)×H1/2(Γ0)6   $
   
 
 !	 (I − P−)CωP+ = 0 <
   
6 
 !	
 
 ! im (I − P+)   !
 ! (uJ , 0, 0) $  uJ  	 
 ! '+(6 
 Cω0(u
J , 0, 0) = (0, 0, 0)  '>+(6 $ 
 
Cω(uJ , 0, 0) = ([ω2 − ω20 ]uJ , 0, 0) D
9	
6  
  
 
  
 P−Cω(I − P+) = 0

# 
 
  
  2! ! 7 6   
   ! 'F(   
   &

!  C 
 2 C∗ω0 6     
   (u
′, p′, σ′) !  9	 
 2 9	 

Cω(uω, pω, σω) = (u′, p′, σ′)    
  2 imP− = [H˜−1(Ω)]d × H−1(ΩR) × H1/2(Γ0)  
 
$6  	 
 !
P−Cω |imP+ (uω, pω, σω) = P−(u′, p′, σ′) '>*(
 
  2 imP+    	 
 ! Cω(uω, pω, σω) = (u′, p′, σ′) 	  (I − P−)CωP+ = 0 :$6
 2 P−Cω|imP+   
 
		 $  2  ω 
  
  ! ω = ω0   	


  	
6 P−Cω|imP+    
  
 [P−Cω |imP+ ]−1   
 
		  
   
 	
{ω : |ω − ω0| < ε}  
6  	 
 (uω, pω, σω) ! '>*( 
6 9	 
 ! 'F(6   
 
		
$  2  ω6 
    
 
 8-  !9	
 ω = ω06   2 ; 
 r = r06 
 2  
 
	  $  2  r
 r0  ! ω0   
  L
 !9	
 !   
 Ωr0 6 
   
 2 C−1ω  
 
		  

r 
 r0 '!  !$ 
 
! 
 
 9	( 
  	 !$   7	 $  	22
 ω0    L
 !9	
    6       2  	
  
  2! ! 7
*  $ 6 ! 
 8- r6    
 
  !  ! 	 
    8 	
 	
2 2
 
 
  !9	
 ω P2
 
  	 
  ω = ω0   D	  
 
  ! 6 $  
    
   !  L
 !9	

% 
   
 Ω 
 ΩR  
 % 
  2
 
 Γ = Γr6 $ $  Ω = Ωr 
 ΩR = ΩrR  8

Ω˜ := {x ∈ Rd : |x| < R/2} 
 Ω˜R := {x ∈ Rd : R/2 < |x| < R} 
  
	  
! 

T r : cl(Ω˜ ∪ Ω˜R) → cl(Ωr ∪ ΩrR) 
    
 [T r]−1 
y = T r(x) := xˆ ·
⎧⎨⎩
2r(xˆ)|x|
R  ! 0 ≤ |x| ≤
R
2
r(xˆ) + 2(R− r(xˆ))(|x| −R/2)R  !
R
2 ≤ |x| ≤ R,
xˆ :=
x
|x| ,
x = [T r]−1(y) := yˆ ·
⎧⎪⎪⎨⎪⎪⎩
R|y|
2r(yˆ)  ! 0 ≤ |y| ≤ r(yˆ)
R
1
2 (R + |y|)− r(yˆ)
R− r(yˆ)  ! r(yˆ) ≤ |y| ≤ R,
yˆ :=
y
|y| ,
D6  
! 
  
 
		  B
  
  2
  Ωr ∪ ΩrR 
 Ω˜ ∪ Ω˜R6
2  7  
 I 2 ; 
 
		 
 cl(Ωr ∪ ΩrR) 
 cl(Ω˜ ∪ Ω˜R)6 2  7 2	
& F (x) = f(T r(x)) !  !	
 
 f  B
  
 Ωr ∪ ΩrR    B
  
 Ω˜ ∪ Ω˜R 
  8
[∂yif ](T
r(x)) =
d∑
k=1
∂[T r]−1k
(
T r(x)
)
∂yi
∂xkF (x), i = 1, . . . , d. '>0(
:
6 	 	 
 y = T r(x)  
  9	  
 ! B ! 'F(  Ωr ∪ ΩrR6 $     9	 
 
 ! Br 8
 
 [H1(Ω˜)]d×H1(Ω˜R)×H−1/2(Γ0) 7 E 
 !	
 
 !  !	
 
 u6
v6 p6 q6 σ6 
 χ 
   2      
   
 
 	4	!  
 ! Br  !

'>0( 
  L 
 !   
 
! 
  
  $6     2 -2 

!  
! 
 !	
 
 ! T r 
 !   8     D
9	
6  9	  

! Br 2
 
 
		 
 r ∈ Hδ(Sd−1) ⊂ C1(Sd−1)6 
    2 Crω6 [Crω]∗6 
 Dr
 
  !$ 
6 $
 $ 2& 	 

 ! r→ r0 ! 
   8
  Ωr6 ΩrR6 
 Γr
  8
  Ωr0 6 Ωr0R 6 
 Γ
r0
6 $   
  
  

 !  2
 
 
  
8
   
  
 Ω˜6 Ω˜r0R 6 
  	
 	 ! Ω˜
$ 	22  	 r0   8- 	   
  !9	
 ω0    L
 !9	
 ! Ωr0 
7 
;  2 Crω0 6 $  !  2 C
r
ω  8- 
  !9	
  
  2 
8
  
$ 2 C˜rω : [H1(Ωr)]d×H1(ΩrR)×H−1/2(Γ0) −→ [H−1(Ωr)]d×H−1(ΩrR)×H1/2(Γ0)

C˜rω(u, p, σ)
 :=
⎛⎜⎝ Δ
∗u + t(u) δΓr + ω2 u + p nδΓr
Δp− ∂np δΓr + ∂np δΓ0 + ω
2
0
c2 p + fω
2
0u · n δΓr − σδΓ0
V
ω0/c
Γ0
σ +
(
1
2I −Kω0/cΓ0
)
p
⎞⎟⎠ .
D6 C˜rω0 = C
r
ω0   
   
  	
&
$
 p 
 σ  
	 
  2 G
r
ω : [H
1(Ωr)]d −→
[H−1(Ωr)]d 
Grωu := Δ
∗u + t(u) δΓr + ω2 u + f ω20
[
NtD
ω0/c(u · n)n
]
δΓr ,
NtD
ω0/c(g) := p|Γr , Δp(x) + ω
2
0
c2
p(x) = 0, x ∈ Rd \ cl(Ω),
∂np(x) = g(x), x ∈ Γr,
x
|x| · ∇p(x)− i
ω0
c
p(x) = o (|x|−(d−1)/2), |x| −→ ∞.
 ! p˜ rinc 2
 
 
   
   !	
 
 p
inc
   	 
 !  -  2 ! 
:; 9	 

Δp˜ rinc(x) +
ω20
c2
p˜ rinc(x) = 0, x ∈ Rd \ cl(Ω),
∂np˜
r
inc(x) = −∂npinc(x), x ∈ Γr,
x
|x| · ∇p˜
r
inc(x)− i
ω0
c
p˜ rinc(x) = o (|x|−(d−1)/2), |x| −→ ∞,

  9	 

Grωu = p
r
rhs, p
r
rhs := −[pinc + p˜ rinc]nδΓr '>1(
  9	 
 
C˜rω
⎛⎝ up
σ
⎞⎠ =
⎛⎝ −pinc n δΓr−∂npincδΓr
0
⎞⎠ . '>>(
  prrhs   
   L
  2
 
  Ω
r

 ω0 ' !  -  
(  

2 	6 (u, p, σ)  '>>(  ! 
 
  ! (u, p− p˜ rinc, σ − ∂np˜ rinc|Γ0) 
C˜rω
⎛⎝ up− p˜ rinc
σ − ∂np˜ rinc|Γ0
⎞⎠ =
⎛⎝ prrhs0
0
⎞⎠
! 
	  
 9	 
  ! u  '>1( 
 p 
 σ  8
 
Δp(x) +
ω20
c2
p(x) = 0, x ∈ Rd \ cl(Ω),
∂np(x) = ∂np˜ rinc(x) + fω
2
0u(x) · n(x), x ∈ Γr
x
|x| · ∇p(x) − i
ω0
c
p(x) = o (|x|−(d−1)/2), |x| −→ ∞, '>(
σ := ∂np|Γ0 .
 ! u    
 
 p 
 σ  8
    9	 
6 
 $ $  pru := p 
 σ
r
u := σ
D6 Gr0ω    2 2	 
 !  IJ $ 2 'G
r0
ω $  ω0 = 0( :
     
 $   
- ; K 
   9	 
6 $ 
	  Gr0ω u = 0  2  C˜
r0
ω (u, p
r0
u , σ
r0
u )
 = 0
  ω6  2! ! 7   2  pr0u = 06 σ
r0
u = 06 
  u     ;   L
 
<
   
6   ! L
 !9	
  !  8-  
   	
 D
9	
6    

ω∗ 	  Gr0ω∗    
 6   r   r06 G
r0
ω∗    
 6   
  $6  9	 

Grωu = prrhs   9	 
 [
Grω∗ + [ω
2 − ω2∗]J
]
u = prrhs, '>F([
λI − [Grω∗]−1J]u = λ[Grω∗]−1prrhs, λ := λ(ω) := −−1[ω2 − ω2∗]−1, '>+(
$ J 
 !   
 ! [H1(Ωr)]d  
 [H−1(Ωr)]d  !  

; 	 
 u -  ! 

	 9	 
 '>F(6 
     
  
!	
 
 !  2 2 [Grω∗ ]
−1J   
  2  	 Θ ⊆ C 	
 λ0 := λ(ω0) 	   
  
	 ! [Gr0ω∗ ]−1J  
  


 Θ   λ0 
  
  
	 ! [Grω∗ ]
−1J   
 Θ ! r   r0   2! !
7 * 22    2 Grω6 $ 
	  - 
 !  2  

	
 9	 	 

urλ :=
[
Grω
]−1
prrhs =
{
λI − [Grω∗]−1J}−1 λ[Grω∗]−1prrhs
$  λ = λ(ω)  9	 
 ω2 := ω(λ)2 := −−1λ−1 + ω2∗   prrhs   
   L

 2
 
  Ωr 
 ω0 ' !  -  
( 7  	 
 urλ -  ! 
 λ   λ0 

2
 
  
 λ '! 
 ! 2! ! 7 *( :
6
urλ0 =
1
πi
∫
Θ
1
(λ− λ0)
[
Grω(λ)
]−1
prrhs dΘλ.
< 	6  !	
 
 	
   
   
 
		 $  2  λ  Θ6 	
 ! 	

$  2  r6 
 
 2 
$  
 Θ ! r→ r06    	 

 
6[[
Grω(λ)
]−1
prrhs
]
◦ T r −→
[[
Gr0ω(λ)
]−1
pr0rhs
]
◦ T r0.
 
  $6  22 
 r → urλ0   [H1]d 
 
		  r0  
6  !	
 
 ApΓr(pinc) = prurλ0

 AσΓr(p
inc) = σrurλ0
2
 
 
		 
 r6 
" 
	 #
  
  	
 
 

7 8 2 !  	 
 !   
 2     2
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 !    2 
-2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 
  

 !  
  
 
 	
 	 2 '('1( 	
 kw = ω2 = f ω2 = λ = 1 
 μ = 0.5 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  2
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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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 
    
 9	 
 'F( 7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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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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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